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A modification of the gauge theory is proposed, in which the set of generalized coordinates is
supplemented with symmetry transformation parameters, and a condition is additionally imposed
on the latter that ensures the classical character of their dynamics in quantum theory. As a result,
additional dynamic variables and transverse physical degrees of freedom in the Hamiltonian are
separated. The classical theory of the Yang-Mills field is considered.
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2I. INTRODUCTION
A simple and natural understanding of the dynamic structure of the gauge theory is that the initial set of dynamic
variables in it is redundant and some of them should be eliminated by solving the equations of constraints and
additional gauge conditions [1]. However, in the subsequent development, this reduction procedure was replaced by
the expansion of the phase space of the theory with addition of Lagrange multipliers with the corresponding canonical
momenta and ghosts, as well as the expanded BRST - symmetry [2–6]. Another option for expanding the phase
space of the gauge theory was proposed in [7], where the parameters of finite symmetry transformations are added
to the original dynamic variables. These finite shifts in the group space are constructed in the form of integrals
of infinitesimal shifts generated by constraints. However, such an extension alone does not solve the problem of
separating physical degrees of freedom and pure calibrations and a dynamic interpretation of the theory. It should
be supplemented with a structure that allows connecting finite shifts in the group space with observations. In the case
of the dynamics of relativistic particles with reparametrization invariance of their world lines, the intrinsic parameter
of the symmetry group plays the intrinsic time of each particle. This invariant parametrization also arises naturally
in the BRST-invariant representation of the propagator of covariant quantum theory for a relativistic particle [8]
and reproduces the Fock [9] and Schwinger [10] formalism based on the introduction of proper time. In [11], the
introduction of this parameter was proposed to be supplemented with the condition of its classical dynamics with the
corresponding modification of the initial action. This addition allows us to connect the proper time with observations
and get a dynamic interpretation of covariant quantum theory. It can be assumed that such two-stage modification
of the singular theory (adding finite symmetry transformations to dynamic variables and an additional condition for
their classicality) will be an effective way to separate physical degrees of freedom and pure gauges in the general
case. In this paper, this will be shown as an example of a free Yang-Mills field. The result will be a separation
of the dynamics of the physical transverse components of the Yang-Mills field and the ‘motion’ of the longitudinal
components (pure calibrations) in the group space.
II. MODIFICATION OF THE ACTION OF YANG-MILLS
The proposed modification of the gauge theory action is divided into two stages. We proceed from the canonical
form of action
I =
∫
dt[piq˙i − λaφa(p, q)− h(p, q)], (1)
where the constraints obey the commutation relations
{φa, φb} = Cabdφd, {φa, h} = haφa. (2)
(we consider the case ha = 0), and variations of the Lagrangian multipliers ensuring the invariance of the action (1)
with respect to the infinitesimal symmetry transformations
δqi = ǫa {qi, φa} , δpi = ǫa {pi, φa} (3)
have the form
δλa = ǫ˙a − Cabdλbǫd. (4)
At the first stage, according to [7], we replace the Lagrangian multipliers with explicit functions of the parameters
defining the finite symmetry transformation (δsa = ǫa):
λa = s˙bΛba(s). (5)
which are integrals of functional-differential equations (4). At the second stage, according to [11], we add to the action
a variation generated by the infinitesimal shift of new dynamic variables. We call this as a condition of classicality,
since it allows one to remove integration over new dynamic variables in the functional-integral representation of the
propagator of covariant quantum theory. We carry out these constructions as an example of a free Yang-Mills field
Aµa, where µ = 0, 1, 2, 3 is space-time index, and a is an internal index of the gauge theory. A0a are the Lagrange
multipliers here, so at the first stage, the original Yang-Mills Lagrangian function takes the form: in the first stage
L =
1
2
[(A˙ia −∇i(s˙bΛba))
2 −B2ia] (6)
3where Bia is the Yang-Mills ‘magnetic field’ tension, and the covariant derivative is determined by the relation [1]:
∇iFa = ∂iFa − igTbadAibFd. (7)
We will not need the explicit form of functions Λab here. Now, following [8], we will still expand the set of new
variables by adding infinitesimal shifts ǫa to them, and to Lagrangian function (6) we add its variation generated by
these infinitesimal shifts:
L˜ =
1
2
[(A˙ia −∇i(s˙bΛba))
2 −B2ia] + (A˙ia −∇i(s˙bΛba))(∇i(ǫ˙cΛca + s˙c
∂Λca
∂sd
ǫd), (8)
III. THE CANONICAL FORM OF THE MODIFIED YANG-MILLS ACTION
We turn to the canonical form of the modified action (8). We find the canonical momenta:
πia = A˙ia −∇i(s˙bΛba) +∇i(ǫ˙cΛca + s˙c
∂Λca
∂sd
ǫd), (9)
conjugated to Aia,
psb = −Λab∇i(A˙ia −∇i(s˙cΛca))−∇i(A˙ic −∇i(s˙qΛqc))
∂Λbc
∂sd
ǫd − Λab∆(ǫ˙cΛca + s˙c
∂Λca
∂sd
ǫd), (10)
conjugated to sa (∆ = ∇i∇i), and
Pǫb = −Λab∇i(A˙ia −∇i(s˙cΛca)), (11)
conjugated to ǫb. From these momenta we immediately obtain the constraint equations,
psb = −Λab∇iπia + PǫaΛ
−1
ac
∂Λcb
∂sd
ǫd, (12)
and generalized velocities in the following combination:
ǫ˙cΛca + s˙c
∂Λca
∂sd
ǫd = ∆
−1(∇iπia + Λ
−1
ab pǫb). (13)
Now we find the Hamilton function of the modified theory:
h˜ =
1
2
[π2ia +B
2
ia]−
1
2
[∇i∆
−1(∇kπka + Λ
−1
ab pǫb)]
2. (14)
where we used (13). Let’s see what we got as a result. Obviously, the constraints (12) commute with the Hamiltonian
(14). The Hamiltonian does not contain ǫa. It means that canonical momenta Pǫa (density of a color charge) are
integrals of motion. We perform the orthogonal longitudinal-transverse splitting of the canonical momenta:
πia = ∇i(χ
L
0a + χ
L
a ) + π
T
ia, (15)
with
Λab∆χ
L
0b = −Pǫa . (16)
As a result, the quadratic form of the momenta in the Hamiltonian contains only the transverse components:
h˜ =
1
2
[πTia
2
+B2ia]. (17)
Thus, the longitudinal components of the Yang-Fills are completely excluded from the dynamics in time. For them,
only the “dynamics” in the group space, described by the constraints (12), remains. Here, the evolution parameters
sa are supplemented by dynamic variables Pǫa which can be eliminated by choosing the origin of the longitudinal
component of the momentum according to (16). In a gauge theory with the constraints linear in canonical momenta,
these quantities do not have a dynamic meaning.
4IV. CONCLUSIONS
Thus, in the Yang-Mills theory, and generally in the theory with the constraints linear in canonical momenta, the
introduction of the classical parameters of symmetry transformations as additional dynamic variables allows us to
separate the physical transverse and gauge longitudinal degrees of freedom. At the same time, classical external
sources, which are generators of classical symmetry transformations, are also added as dynamic variables. These
sources themselves can be set equal to zero, as long as the separation of the physical degrees of freedom is done.
In theories with quadratic on the canonical momenta constraints, such as the theory of gravity, in which there is a
time problem, the modification proposed here introduces the concept of proper time, which also has its own classical
source - energy. In contrast to the case considered here, this energy can have a dynamic meaning. This issue will be
considered separately.
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